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Abstract—Precise scatterer trajectory association is the basis
of three-dimensional (3D) reconstruction utilizing sequential
inverse synthetic aperture radar (ISAR) images. To address the
occlusion and trajectory crossing of different scatterers, we
propose a novel scatterer trajectory association method based on
Markov chain Monte Carlo (MCMC) algorithm. Firstly, we
derive the ellipse movement characteristics of each scatterer
trajectory under stationary rotation motion model of the
observed target. Then, we present a Bayesian model and
inference algorithm for the scatterer trajectory association
problem. MCMC is applied to estimate the scatterer trajectory
matrix. Particularly, we design new prior and likelihood
evaluation criteria in MCMC by making use of the elliptical
movement characteristics of each scatterer trajectory. Simulation
results on simulated data validate the effectiveness of the
proposed method.
Keywords—Inverse synthetic aperture radar (ISAR); Markoc
chain Monte Carlo (MCMC); trajectory association; ellipse
movement

I.

INTRODUCTION

Inverse synthetic aperture radar (ISAR) has been widely
applied in military and civil fields thanks to its all-day and allweather surveillance capability [1]. Based on accurately scaled
ISAR image series, the three-dimensional (3D) geometry of the
target can be reconstructed by the factorization method
[2][3][4]. In this method, accurate scatterer extraction and
trajectory association are prerequisites for correct matrix
factorization. As for scatterer extraction, the available methods
include two-dimensional (2D) estimation of signal parameters
via rotational invariance techniques (ESPRIT) [5], rootMUSIC [6] and APES [7] etc., which can achieve good
performance in high signal-to-noise ratio (SNR). For extracted
scatterers, trajectory association remains a challenging task in
radar image processing. In the high-frequency regime, the
target consists of dominant scatterers, which rotate around the
equivalent rotation center and generate different trajectories in
the imaging plane after translational motion compensation [8].
Therefore, the scatterer association problem is similar to the
multi-target tracking problem, which has found wide
applications in video surveillance, computer vision and signal
processing. A Markov chain Monte Carlo (MCMC) data
association method is proposed in [9] to solve the multi-targets
tracking problem and has shown great performance in high
dimensional and complicated problems.
Motivated by the successful application of MCMC in
multi-target tracking, this paper presents a Bayesian inference

for the scatterer trajectory association problem. New prior and
likelihood models are designed according to the anisotropy of
scatterers and the moving characteristics of scatterer
trajectories in the imaging plane. To avoid complicated
derivation and manipulation of the intractable posterior
distribution, MCMC method is utilized to sample the posterior
distribution. Finally, the scatterer trajectory matrix is obtained
to reconstruct the 3D target geometry.
The remainder of this paper is organized as follows. Section
II introduces the ISAR imaging model and analyzes the
characteristics of scatterer trajectories in the imaging plane.
Section III derives the Bayesian inference of scatterer
trajectory association problem, then presents the designed prior
and likelihood models. The detailed procedure of MCMC
algorithm is also described in section III. Section IV shows
simulation results to verify the validity of the proposed method
and Section V concludes the paper.
II.

IMAGING GEOMETRY AND SIGNAL MODEL

After translational motion compensation, the 3D imaging
geometry of ISAR target observation becomes an equivalent
turntable model shown in Fig. 1 of [4]. In the Cartesian
coordinate system, the equivalent target rotation center is the
origin O . We assume that in the imaging interval, the observed
target has constant rotation vector along the OZ axis with
modulus to be ω . The radar line of sight (LOS) is along the
line between the radar and the rotation center, whose pitch and
azimuth angles are ϕl and θl , respectively. In the highfrequency regime, the target can be seen as consisting of
several isolated scatterers. For an arbitrary scatterer k whose
initial position is p 0k =  x0k

ptk =  xtk

ytk

y0k

T

z0k  , its new position vector

T

ztk  at t can be expressed as
ptk = Tt p 0k
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according to the turntable model described by Fig. 1, where Tt
is the basic rotation transformation matrix, i.e.
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Fig. 1 ISAR imaging geometry

In the equation above, the instantaneous rotational angle of
scatterer k is ωt . Suppose the range between radar and the
equivalent rotational center is r0 , then, the radar position
vector is p rd = [ r0 cos ϕl cos θl r0 cos ϕl sin θl r0 sin ϕl ] as
shown in Fig. 1, and the instantaneous range between the radar
and scatterer k is


(3)
Rtk ≈ r0 − pTrd ptk = r0 − pTrd Tt p 0k

where p rd is the unit vector of radar LOS and ‘ T ’ is the
matrix transpose. After performing translational motion
compensation and the Fourier transform, we obtain 2D highresolution ISAR image sequence of the target. At t , the
position vector of scatterer k in the imaging plane, i.e.
T

Dtk = utk

. Therefore, the trajectory of scatterer k in

the imaging plane is an ellipse described by the equation below,
Y
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Eq. (6) indicates that the ellipse center is 0, − z0k sin ϕl  ,
and the major and minor axes are rk and rk cos ϕl , respectively.
Since the assumption of ideal turntable imaging model, the
pitch angle ϕl of radar LOS is thought as a constant. Therefore,
the trajectory of scatterer k is indeed an ellipse. To generate
the image sequence, we first divide the wide angle echoes of
the observed target into overlapping sub-apertures, and then
process each sub-aperture successively. Then, the number and
projected positions can be extracted using 2D ESPRIT, of
which the detailed procedure can be found in [5].
III.

MCMC BASED SCATTERER TRAJECTORY ASSOCIATION
METHOD

A. Bayesian Inference for Scatterer Trajectory Association
Problem
Due to the anisotropy of scattering coefficients, scatterers
cannot be always detected and extracted at entire observation
interval. Hence, we assume that the scattering coefficient of
scatterer k is below the detection threshold of 2D ESPRIT
except in the interval {tsk , tek } . Therefore, in scatterer trajectory
association problem, what we want to solve is the scatterer
number K , the existing interval {tsk , tek } and the trajectory of
each scatterer.

(4)

where utk and vtk denote the cross-range and range positions,
respectively. Because the angle between the radar LOS and
OZ is 90 − ϕl , the effective rotation angular velocity is
ω cos ϕl [4]. The constant r0 is omitted when computing the

range position. Substituting p rd , Tt and p 0k into Eq. (4), the
2D projection positions of scatterer k on the imaging plane
can be expressed as follows
T
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1, , nt } and nt be the position set and

the number of extracted scatterers at instant t ,
=
W {Wt :1 ≤ t ≤ T } the set of all the extracted scatterers in the
entire observation interval. T denotes the observation interval.
Let Ω be the set of all the possible scatterer association states,
we have ϖ ∈ Ω with ϖ satisfying the following restrictions
[9]:
(1) ϖ = {β 0 , β1 , , β K } ;
(2)



K
k =0

β k = W and for any i ≠ j , β i  β j = ∅ ;

(3) β 0 is the set of all false alarm points;

 x0k  k
 k  − z0 sin ϕl
 y0 

(5)

During the rotation around the OZ axis, the scatterer has
constant z0k and rk , where rk is the radius of scatterer k in the
cylindrical coordinate system and can be calculated by

(4)

For

any

k = 1, , K

and=
t tsk , tsk + 1, , tek

,

β k  Wt = 1 ;
(5) For any k = 1, , K , β k ≥ 2 holds;
The restrictions above define the transformation model of
scatterer association state. In constraint (1), all the extracted
scatterers are divided into K + 1 sets with K scatterer
trajectory sets and one false alarm set. Constraint (2) means

that one extracted scatterer can only belong to one set.
Constraint (4) shows that each scatterer corresponds to at most
one extracted point at each instant. Since we extract the
scatterers using 2D ESPRIT according to their amplitudes, the
detection probability of each scatterer is set to be one in the
existing interval. Therefore, each scatterer trajectory set will
definitely have intersection with Wt in its existing interval

{t

k
s

, tek } . According to constraint 5), the trajectory of each

scatterer must have no less than two extracted points to make it
distinguishable from the false alarm point.
Therefore, what scatterer trajectory association does is to
estimate the partition set ϖ with maximum a posterior given
the extracted scatterer set W . According to the Bayes rule, the
posterior p (ϖ | W ) can be expressed as follows

p (ϖ | W ) =

p (W | ϖ ) p (ϖ )

∑ϖ p (W | ϖ ) p (ϖ )

(7)

where p (ϖ ) and p (W | ϖ ) represent the prior and likelihood.
Since it is hard to enumerate all possible sets of ϖ , we cannot
compute the value of ∑ ϖ p (W | ϖ ) p (ϖ ) analytically. To

obtain the right scatterer trajectory association, we will
therefore use an MCMC sampling method. Before presenting
the algorithm, we first construct the prior and likelihood
models considering the characteristics of scattering coefficients
and scatterer trajectory.

B. Prior Modeling
In ISAR imaging, the movements of different scatterers can
be viewed as independent. Each scatterer can be detected and
extracted in a specific interval {tsk , tek } . The prior of ϖ should
define the probability model of appearance, disappearance,
detection and false alarm. An integrated scatterer trajectory can
be interpreted as two or more separated trajectories, which
means increasing number of newly appearing and disappearing
scatterers at different instants. Actually, we hope that
associated scatterer trajectories have longer existing intervals
and lower false alarm rate, which facilitates the following 3D
reconstruction. Therefore, the smaller the newly appearing
scatterer number are, the better the scatterer trajectory
association results are. Hence, we model that the number of
newly appearing scatterers at each instant has a Poisson
distribution with a parameter λb , and each scatterer disappears
at different instants with probability pz . The larger the
probability of scatterers appearing and disappearing at the
observation interval is, the better the integrity of scatterer
trajectories are.
Let et −1 be the number of associated scatterers at t − 1 , zt
be the number of disappeared scatterers at t , and at be the
number of newly appeared scatterers at t . Then, the number of
existing scatterers at t is et = et −1 − zt + at . As the detection
probability is set to be 1, the number of detected scatterers dt
is equal to et . Therefore, f=
nt − dt is the number of false
t

alarm points at t , which is modeled as appearing with
probability p f . Given the set W of extracted scatterers, the
prior of ϖ is modeled by

P (ϖ ) ∝ ∏ t =1 p ( at | λb ) pzzt (1 − pz ) t −1
T

e

− zt

p fft (1 − p f

)

dt

(8)

where p ( at | λb ) = λbat e − at at ! denotes the probability density
of newly appearing scatterers at instant t .
C. Likelihood Modeling
The likelihood evaluates the probability of the scatterer
association state. According to section II, the projection of the
scatterer trajectory in the imaging plane is an ellipse, whose
origin, major axis, and minor axis are functions of the target
size and the slowly changing pitch angle. For the correctly
associated scatterer, its trajectory forms an ellipse and thus has
the minimum root mean square error (RMSE) in ellipse curve
fitting [10]. For incorrect scatterer association, the curve fitting
generates a large RMSE. For the associated trajectory of kth
scatterer, let the RMSE of curve fitting be δ k , the range shift
vector of adjacent scatterers be α k , and the direction vector of
adjacent scatterer be β k at each association state. Then, the
likelihood is expressed as follows

{

}

P (W | ϖ ) ∝ exp −Λ1 aver (δ + Λ 2 ⋅ ε ) + max (δ + Λ 2 ⋅ ε ) 
nothing
(9)
with

=
ε k std (α k ) ⋅ std ( diff ( β k ) )

(10)

In (9) and (10), aver ( ⋅) denotes the average, std ( ⋅) the
standard deviation, and diff ( ⋅) the differential vector.

δ = [δ 2 , δ 3 , , δ K ] is the vector of RMSE in ellipse curve
fitting; and ε = [ε 2 , ε 3 , , ε K ] evaluates the continuity and
stability of associated trajectories.
D. Markov Chain Monte Carlo Method
We have defined the prior p (ϖ ) and likelihood p (ϖ | W )
given the extracted scatterer set W . To obtain the scatterer
trajectories, we propose utilizing MCMC for parameter
estimation. MCMC is widely used to approximate integrals
over complex probability distributions. By constituting one
Markov chain M with the state space Ω and the stationary
distribution π (ϖ ) , MCMC generates one new sample from

π (ϖ ) based on a proposal distribution and then decides
whether or not to accept the new sample.
One widely used MCMC method is the MetropolisHastings (M-H) algorithm [11]. If the current state of the
Markov chain is ϖ ∈ Ω , then, the new state ϖ ′ ∈ Ω is
generated according to the proposal distribution q (ϖ ,ϖ ′ ) , and

ϖ ′ will be accepted with probability A (ϖ ,ϖ ′ ) given by
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Fig. 2 (a) Simulated scatterer model and (b) existing intervals of different scatterers and (c) theoretical projection trajectories.
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Fig. 3 (a) Comparison between the real scatterer trajectories and associated scatterer trajectories; (b) comparison between the real scatterer existing intervals and
reconstructed scatterer existing intervals.
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Fig. 4 Experimental results.(a) comparison between real number of scatterer trajectories and the number of associated scatterer trajectories; (b) average value of
δ R ,k in each Monte Carlo simulation; (c) average value of δW ,k in each Monte Carlo simulation.

 π (ϖ ′ ) q (ϖ ′,ϖ ) 
A (ϖ ,ϖ ′ ) = min 1,

 π (ϖ ) q (ϖ ,ϖ ′ ) 

(11)

Ref. [9] defines eight types of proposal distributions,
including birth/death, split/merge, extension/reduction, and
switch/update. The transition probability q (ϖ ,ϖ ′ ) or

q (ϖ ′,ϖ ) is computed according to the present state ϖ . In the
above equation, π (ϖ ) is the probability of each scatterer
association state in the stationary distribution, and is equal to
the posterior probability P (ϖ | W ) .

IV.

SIMULATION RESULTS

In this section, several points with random positions and
existing intervals are used as the simulated scatterer model,
which is shown in Fig. 2 (a). The total number of scatterers is
22. The simulated radar works at X band and the bandwidth of
the transmitted signal is 1 GHz. The equivalent rotation angular
velocity of the observed target is 0.16rad/s. The total
observation interval is 19.2s which contains about 1920 pulses.
The wide angle data is divided into adjacent sub-apertures,
whose window length and step are both 64. The existing
intervals of different scatterers are generated randomly, which
are shown in Fig. 2 (b). It shows that different scatterers
emerge and disappear at random instants. The theoretical
projected trajectories of all the scatterers are presented in Fig. 2
(c), and the ellipse characteristics movement are such obvious.

δ R,k =

Number of successfully associated scatterers in trajectory k
Total scatterer number of corresponding real reajectory

(12)

Number of wrong associated scatterers in trajectory k
(13)
Total scatterer number of corresponding real reajectory
After the extraction of scatterers, we obtain the scatterer set
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